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In this paper, we introduce and study a kind of generalized equilibrium problem in a G-
convex space. By means of the fixed-point theorems, we obtain some existence theorems
of solutions for the generalized equilibrium problems.
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1. Introduction
Let X, Y ,D be three nonempty sets and Z a topological space, S : X ( Y , T : X ( D and F : X × Y × D ( Z set-valued
mappings. Let C be a set-valued mapping defined as C : X ( Z with intC(x) ≠ ∅, where intC(x) denotes the topological
interior of C(x). Let ξ : Y → X be a single-valuedmapping. A generalized equilibrium problem (GEP) discussed in this paper
is to find (x¯× t¯) ∈ X × D such that
x¯ ∈ ξ(S(x¯)), t¯ ∈ T (x¯) and F(x¯, y, t¯) ⊈ −intC(x¯), ∀y ∈ S(x¯). (1)
This generalized equilibrium problem includes some models of generalized equilibrium problems studied by many
researches, see Refs. [1–13] and references therein. The following problems are the special cases of GEP (1).
(A) If X is a real topological vector space, Y = X and ξ : X → X is the identity mapping, that is, ξ(x) = x for each x ∈ X ,
then GEP (1) reduces to the generalized vector equilibrium problem (GVEP) of finding x¯ ∈ S(x¯) such that
∃t¯ ∈ T (x¯), F(x¯, y, t¯) ⊈ −intC(x¯), ∀y ∈ S(x¯), (2)
which is similar to the generalized vector quasiequilibrium problem (GVQEP) studied by Lin et al. in Ref. [11]. GVQEP
includes the quasiequilibrium problem (QEP) considered by Hai and Khanh in Ref. [8] as it is a special case. The
generalized vector quasi-variational-like inequalities studied by Xiao and Liu in Ref. [14] is a special case of GVEP (2).
(B) In addition, if S(x) ≡ X for all x ∈ X , then GVEP (2) reduces to the problem of finding x¯ ∈ X such that
∃t¯ ∈ T (x¯), F(x¯, y, t¯) ⊈ −intC(x¯), ∀y ∈ X, (3)
which is the generalized vector equilibrium problem studied by Lin in Ref. [5]. GVEP (3) includes the vector equilibrium
problem (VEP) studied by many researchers, for example, in Refs. [15–17].
∗ Corresponding author at: Department of Applied Mathematics, Xidian University, Xi’an, 710071, China. Tel.: +86 15929561738.
E-mail address: cb9802@163.com (B. Cheng).
0898-1221/$ – see front matter© 2011 Elsevier Ltd. All rights reserved.
doi:10.1016/j.camwa.2011.08.055
B. Cheng, S.-y. Liu / Computers and Mathematics with Applications 62 (2011) 3404–3410 3405
(C) If D is a singleton and S(x) ≡ Y for all x ∈ X , then GEP (1) reduces to the problem of finding x¯ ∈ X such that
F(x¯, y) ⊈ −intC(x¯), ∀y ∈ Y , (4)
which is the abstract generalized vector equilibrium problem (AGVEP) studied by Ding and Park in Ref. [2]. The scalar
equilibrium problem in generalized convex spaces considered by Mitrovic in Ref. [18] is a special case of AGVEP in
Ref. [2].
According to the above arguments, for a suitable choice of the spaces X, Y , Z,D and the mappings S, T in GEP (1), we
can obtain a number of known classes of generalized vector equilibrium problems, generalized vector quasiequilibrium
problems, vector equilibrium problems and vector variational inequalities etc.
In this paper, we establish some existence results for the generalized equilibrium problems in a G-convex space using
some fixed-point theorems.
2. Preliminaries
Let X, Y be two topological spaces. A set-valued mapping T : X ( Y is said to have open lower sections if its fibers
T−(y) = {x ∈ X : y ∈ T (x)} are open in X for every y ∈ Y . If T is single-valued, then T− is usually denoted by T−1.
A G-convex space (X,D;Γ ) consists of a topological space X , a nonempty set D ⊆ X and a set-valued mapping
Γ : F (D) ( X such that, for each A = {x0, . . . , xn} ∈ F (D) with the cardinality |A| = n + 1, there exists a continuous
mappingΦA : ∆n → Γ (A) such that J ⊆ A impliesΦA(∆J) ⊆ Γ (J), where,∆n is the standard n-simplexwith vertices {ei}ni=0
and∆J the face of∆n corresponding to J ∈ F (A); that is, if J = {xi0 , xi1 , . . . , xik}, then∆J = co{ei0 , ei1 , . . . , eik} is the convex
hull of the vertices {ei0 , ei1 , . . . , eik}.F (D) denotes the family of all nonempty finite subsets ofD. For the sake of convenience,
we write it as (X;Γ ) = (X, X;Γ ).
A subset K of the G-convex space (X,D;Γ ) is said to be G-convex if Γ (A) ⊆ K for each A ∈ F (K ∩ D). Define the G-
convex hull of K as G-co(K) = {B : K ⊆ B, B is G-convex}. For details on the G-convex spaces, see Refs. [2,19,20] and the
references therein.
Definition 2.1. Let X be a set and (Y ;Γ ) a G-convex space. A mapping F : X ( Y is called G-convex if F(x) is a G-convex
subset of Y for every x ∈ X .
If Y is a topological vector space, define Γ (A) = co(A) for A ∈ F (Y ), then (Y ;Γ ) is a G-convex space. In this case, if the
mapping F is G-convex, then it is a convex set-valued mapping, that is, F(x) is a convex subset of Y for each x ∈ X .
Lemma 2.1. If (X,Γ ) is a G-convex space and K ⊆ X, then
(i) Γ (M) ⊆ G-co(K) for any M ∈ F (K).
(ii) G-co(M) ⊆ G-co(K) for any M ∈ F (K).
(iii) for each x ∈ G-co(K), there is a finite set {x1, x2, . . . , xn} ⊆ K such that x ∈ G-co{x1, x2, . . . , xn}.
Proof. Noting thatG-co(K) isG-convex andK ⊆ G-co(K), we have thatΓ (M) ⊆ G-co(K) for anyM ∈ F (K) ⊆ F (G-co(K)),
that is, (i) holds. From the definition of the G-convex subset, we deduce directly that (ii) holds.
Let B = N∈F (K) G-co(N), then K ⊆ B. Here we show that B is G-convex. Assume that N ∈ F (B), then there are N1,
N2, . . . ,Nk ∈ F (K) such that N ⊆ ki=1 G-co(Ni). Sinceki=1 Ni ∈ F (K), then G-co ki=1 Ni ⊆ B and G-co(Nj) ⊆ G-cok
i=1 Ni

for each j ∈ {1, 2, . . . , k} by (ii). Thuski=1 G-co(Ni) ⊆ G-co ki=1 Ni. Since G-co ki=1 Ni is G-convex, then
Γ (N) ⊆ G-co
k
i=1 Ni

⊆ B. Hence, B is G-convex and G-co(K) ⊆ B. Thus, taking x ∈ G-co(K), there exists {x1, x2, . . . , xn}
⊆ K such that x ∈ G-co{x1, x2, . . . , xn}. 
Definition 2.2. Let (X;Γ ) be a G-convex space, Y and Z two nonempty sets. Let F : X×Y ( Z and C : X ( Z be set-valued
mappings.
(i) F(x, y) is said to be generalized G-diagonally quasiconvex in ywith respect to C if, for each B = {y1, y2, . . . , yn} ∈ F (Y ),
there exists A = {x1, x2, . . . , xn} ⊆ F (X) such that, for any {xi1 , xi2 , . . . , xik} ⊆ A and x ∈ G-co{xi1 , xi2 , . . . , xik}, there
exists j ∈ {1, . . . , k} such that F(x, yij) ⊈ C(x).
(ii) If Y = X, F(x, y) is said to be G-diagonally quasiconvex in ywith respect to C if, for any A = {x1, x2, . . . , xn} ∈ F (X) and
x ∈ G-co(A), there exists j ∈ {1, . . . , n} such that F(x, xj) ⊈ C(x).
(iii) Let ξ : Y → X be a single-valued mapping. F(x, y) is said to be ξ -G-diagonally quasiconvex in y with respect to C
if, for any {y1, y2, . . . , yn} ∈ F (Y ) and x ∈ G-co{ξ(y1), ξ(y2), . . . , ξ(yn)}, there exists j ∈ {1, . . . , n} such that F
(x, yj) ⊈ C(x).
Remark 2.3. From Definition 2.2, it is easy to verify the following two propositions.
(I) If ξ : Y → X is injective, then ξ -G-diagonally quasiconvex implies generalized G-diagonally quasiconvex.
(II) If ξ : X → X is the identity mapping and Y = X , then ξ -G-diagonally quasiconvex is equivalent to G-diagonally quasi-
convex.
3406 B. Cheng, S.-y. Liu / Computers and Mathematics with Applications 62 (2011) 3404–3410
(III) It is clear that, if X = Y , then the notion in (i) reduces to the notion in (ii).
(IV) If X is a topological vector space and Z is a Hausdorff topological vector space, F : X × Y ( Z is a set-valued map, then
the notion that F(x, y) is G-diagonally quasiconvex in ywith respect to intC reduces to the concept that F(x, y) is weak
Type II C-diagonally quasiconvex in y introduce by Hou (Ref. [21]).
Hence from Remark 2.3, we know that Definition 2.2 generalizes the corresponding notions in Definition 2.3 in Ref. [21].
Definition 2.4. Let X, Y be two topological spaces, T , S : X ( Y two set-valued mappings and x ∈ X .
(i) T is said to be upper semicontinuous (u.s.c) at x if, for any neighborhood V of T (x), there is a neighborhood U of x such
that T (y) ⊆ V for any y ∈ U . T is said to be u.s.c in X if T is u.s.c at every x ∈ X .
(ii) T is said to be upper semicontinuous-like (u.s.c.l) at x with respect to S if T (x) ⊆ S(x) implies that there exists a
neighborhood U of x such that T (y) ⊆ S(y) for any y ∈ U . T is said to be u.s.c.l in X with respect to S if T is u.s.c.l
at every x ∈ X with respect to S.
Proposition 2.2. Let V be an open subset of Y . If T is u.s.c at x ∈ X, then T is u.s.c.l at x with respect to V .
Proof. Set S(x) ≡ V for all x ∈ X . If T (x) ⊆ V , by (i) of Definition 2.4, there exists a neighborhood U of x such that T (y) ⊆ V
for any y ∈ U . 
Proposition 2.3. Let X, Y be two topological spaces, T , S : X ( Y two set-valued mappings. If S has an open graph and T is
u.s.c with compact values, then T is u.s.c.l with respect to S.
Proof. Define the set-valued mapping W : X ( Y by W (x) = Y \ S(x) for x ∈ X . Since S has an open graph, then W is
closed. Suppose that T is not u.s.c.l at some point x0 ∈ X with respect to S. Then T (x0) ⊆ S(x0) and there is a net {xα} such
that xα → x0 and T (xα) ⊈ S(xα) for all α. That is, T (xα) ∩W (xα) ≠ ∅. Let yα ∈ T (xα) ∩W (xα) ≠ ∅. Since T is u.s.c with
compact values, by Lemma 2.4 in Ref. [14], there is y0 ∈ T (x0) and a subnet {yβ} of {yα} such that yβ → y0. Considering that
W is closed, we have y0 ∈ W (x0). This implies that T (x0) ⊈ S(x0), a contradiction. 
The following fixed-point theorem is essential in this paper.
Lemma 2.4 ([20]). Let {(Xj;Γj)}j∈I be a family of G-convex spaces, X = ∏j∈I Xj. If for each i ∈ I , the set-valued mappings
Ri,Qi : X ( Xi satisfy the conditions
(i) for each x ∈ X, Bi ∈ F (Qi(x)) implies Γi(Bi) ⊆ Ri(x);
(ii) Q−i (zi) is open for each zi ∈ Xi;
(iii) there is a nonempty compact subset A of X such that
A ⊆

z∈Nj
Q−j (z) for some Ni ∈ F (Xi), (5)
and there exists a G-convex subspace LNi of (Xi,Γi) containing Ni ∈ F (Xi) such that L =
∏
j∈I LNj satisfying
L \ A ⊆

z∈Mj
Q−j (z) for some Mi ∈ F (LNi), (6)
then there exists a point x ∈ X such that x ∈ R(x) =∏j∈I Rj(x) and xi ∈ Ri(x).
3. Existence of solutions for GEP
Theorem 3.1. Let (X;Γ1) be a G-convex space, (D;Γ2) a compact G-convex space, Y , Z two topological spaces, F : X×Y×D(
Z, T : X ( D and S : X ( Y set-valued mappings, C : X ( Z a set-valued mapping with intC(x) ≠ ∅, ξ : Y → X an injective
mapping. Suppose that
(i) the set-valued mapping T ′ : X ( D has open lower sections and for each x ∈ X,
Γ2(B) ⊆ T (x), ∀B ∈ F (T ′(x)).
(ii) S has open lower sections and ξ ◦ S is a nonempty G-convex mapping.
(iii) for each t ∈ D, F(x, y, t) is ξ -G-diagonally quasiconvex in ywith respect to−intC, that is, for any finite set {y1, y2, . . . , yn} ∈
F (Y ) and x ∈ G-co{ξ(y1), ξ(y2), . . . , ξ(yn)}, there exists some j ∈ {1, . . . , n} such that F(x, yj, t) ⊈ −intC(x).
(iv) for any u ∈ Y , the set {(x, t) ∈ X × D : F(x, u, t) ⊆ −intC(x)} is open.
(v) there is a nonempty compact subset A of X and N ∈ F (X),M ∈ F (D) such that, for any x ∈ X \ A and t ∈ D,
(a) T ′(x) ∩M ≠ ∅;
(b) ∃z ∈ N such that z ∈ ξ(S(x)) and F(x, ξ−1(z), t) ⊆ −intC(x).
Then there exists (x¯× t¯) ∈ X × D such that
x¯ ∈ ξ(S(x¯)), t¯ ∈ T (x¯), and F(x¯, y, t¯) ⊈ −intC(x¯), ∀y ∈ S(x¯).
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Proof. Define a set-valued mapping P : X × D( Y by
P(x, t) = {u ∈ Y : F(x, u, t) ⊆ −intC(x)}, ∀(x, t) ∈ X × D.
We first show that
x ∉ G-co(ξ(P(x, t))) for all (x, t) ∈ X × D. (7)
Indeed, suppose that there exists some point (x¯, t¯) ∈ X×D such that x¯ ∈ G-co(ξ(P(x¯, t¯))). By (iii) of Lemma 2.1, there exists
a finite subset {x1, x2, . . . , xn} ⊆ ξ(P(x¯, t¯)) such that x¯ ∈ G-co{x1, x2, . . . , xn}, that is,
F(x¯, ξ−1(xi), t¯) ⊆ −intC(x¯), i = 1, 2, . . . , n,
which contradicts hypothesis (iii).
Consider a set-valued mapping G : X × D( Y defined by
G(x, t) = P(x, t) ∩ S(x), ∀(x, t) ∈ X × D.
By hypotheses (ii), (iv) and Lemma 2.5 in Ref. [14], G has open lower sections. Let E be a subset of X × D satisfying
E = {(x, t) ∈ X × D : G(x, t) ≠ ∅}. Define a set-valued mapping Q : X × D( X by
Q (x, t) =

G(x, t), (x, t) ∈ E,
S(x), (x, t) ∈ (X × D) \ E.
By the assumption (ii), it is clear that Q (x, t) ≠ ∅ for all (x, t) ∈ X × D. For any v ∈ Y , due to the assumption (ii) and
the property of G, we have that Q−(v) = G−(v) ∪ (S−(v) × D) is open. Noting that ξ is an injective mapping, we get that
(ξ ◦ Q )−(y) = Q−(ξ−1(y)) is open for any y ∈ X . By hypothesis (i), T ′−(t) is open for any t ∈ D. Define the set-valued
mappings H : X × D( X × D,Q1 : X × D( X,Q2 : X × D( D, R1 : X × D( X and R2 : X × D( D by
H(x, t) = (ξ(Q (x, t)), T ′(x)),
Q1(x, t) = ξ(Q (x, t)), Q2(x, t) = T ′(x),
R1(x, t) = G-co(Q1(x, t)), R2(x, t) = T (x).
Then (ii) of Lemma 2.4 holds. According to (i) of Lemma 2.1 and assumption (i), condition (i) of Lemma 2.4 holds.
We next show that Q1 and Q2 satisfy condition (iii) of Lemma 2.4. Indeed, {Q−2 (z)}z∈D and {Q−1 (z)}z∈X are two open
coverings of X × D. Since A × D is a nonempty compact subset of X × D, then there exist N1 ∈ F (X) and N2 ∈ F (D) such
that
A× D ⊆

z∈Ni
Q−i (z) for i = 1, 2.
Thus, (5) holds. Let LN1 = X, LN2 = D and L = X × D. For any (x, t) ∈ L \ (A × D), by hypothesis (v), on one hand we have
that T ′(x) ∩ M ≠ ∅, that is, x ∈ T ′−(z) for some z ∈ M , hence, (x, t) ∈ Q−2 (z); on the other hand, there is z ∈ N such
that z ∈ ξ(G(x, t)). Thus, (x, t) ∈ (ξ ◦ Q )−(z) = Q−1 (z), that is, (6) holds. Therefore, according to Lemma 2.4, there exists
(x¯, t¯) ∈ X × D such that
(x¯, t¯) ∈ (R1(x¯, t¯), R2(x¯, t¯)) =

G-co(ξ(Q (x¯, t¯))), T (x¯)

.
Suppose that (x¯, t¯) ∈ E, then x¯ ∈ G-co(ξ(G(x¯, t¯))). It implies that x¯ ∈ G-co(ξ(P(x¯, t¯))). This contradicts (7). Hence (x¯, t¯) ∉ E.
Together with hypothesis (ii), we get that
x¯ ∈ G-co(ξ(S(x¯))) = ξ(S(x¯)), t¯ ∈ T (x¯) and P(x¯, t¯) ∩ S(x¯) = ∅.
This implies ∀y ∈ S(x¯), y ∉ P(x¯, t¯). Consequently, the assertion of the theorem holds. 
Remark 3.1. If the hypothesis (v) in Theorem 3.1 is replaced by the assumption
(v′) X is a compact space.
Then the conclusion of Theorem 3.1 still holds. In fact, if A in (v) is replaced by X , it is easy to derive that condition (v) in
Theorem 3.1 holds.
Theorem 3.2. Let (X;Γ1) be aG-convex space, (D;Γ2) a compact G-convex space, Y , Z two topological spaces, F : X×Y×D( Z
and C : X ( Z two set-valued mappings with intC(x) ≠ ∅, ξ : Y → X an injective mapping. Suppose that
(i) the set-valued mappings T : X ( D and S : X ( Y have open lower sections; ξ ◦ S and T are nonempty G-convex.
(ii) for each t ∈ D, F(x, y, t) is ξ -G-diagonally quasiconvex in y with respect to−intC.
(iii) for any y ∈ Y , the mapping (x, t) → F(x, y, t) is u.s.c.l with respect to−intC.
(iv) there is a nonempty compact subset A of X and N ∈ F (X),M ∈ F (D) such that for any x ∈ X \ A and t ∈ D,
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(a) T (x) ∩M ≠ ∅;
(b) ∃z ∈ N such that z ∈ ξ(S(x)) and F(x, ξ−1(z), t) ⊆ −intC(x).
Then there exists (x¯× t¯) ∈ X × D such that
x¯ ∈ ξ(S(x¯)), t¯ ∈ T (x¯), and F(x¯, y, t¯) ⊈ −intC(x¯), ∀y ∈ S(x¯).
Proof. Similarly, define the set-valued mapping P : X × D( Y by
P(x, t) = {u ∈ Y : F(x, u, t) ⊆ −intC(x)}, ∀(x, t) ∈ X × D.
Then (iii) implies condition (iv) of Theorem 3.1, that is, for any u ∈ Y , P−(u) = {(x, t) ∈ X × D : F(x, u, t) ⊆ −intC(x)} is
an open set. In fact, if (x¯, t¯) ∈ P−(u), then F(x¯, u, t¯) ⊆ −intC(x¯). By hypothesis (iii), there exists a neighborhood U of (x¯, t¯)
such that
F(x, u, t) ⊆ −intC(x), ∀(x, t) ∈ U .
Hence, U ⊆ P−(u). This implies P−(u) is open for each u ∈ Y . Let T ′ = T . By hypotheses (i) and (iv), it is obvious that
conditions (i), (ii) and (v) of Theorem 3.1 hold. Thus all the conditions of Theorem 3.1 hold. 
Remark 3.2. According to Remark 3.1, if (v) in Theorem 3.2 is replaced by the assumption (v′), then the conclusion of
Theorem 3.2 still holds.
Corollary 3.3. Let (X;Γ1) be aG-convex space, (D;Γ2) a compact G-convex space, Y , Z two topological spaces, F : X×Y×D( Z
and C : X ( Z two set-valued mappings with intC(x) ≠ ∅, ξ : Y → X an injective mapping. Suppose that the assumptions
(i), (ii) and (iv) in Theorem 3.2 hold and
(iii′) for any y ∈ Y , the mapping (x, t) → F(x, y, t) is u.s.c with compact values.
Then there exist (x¯× t¯) ∈ X × D such that
x¯ ∈ ξ(S(x¯)), t¯ ∈ T (x¯), and F(x¯, y, t¯) ⊈ −intC(x¯), ∀y ∈ S(x¯).
Proof. Since the set-valued mapping −intC : X ( Z has an open graph, by Proposition 2.3, the assumption (iii′) implies
that the mapping (x, t) → F(x, y, t) is u.s.c.l with respect to −intC for any y ∈ Y . Then, conditions (i)–(iv) of Theorem 3.2
hold. Consequently, this corollary is true. 
Theorems 3.1 and 3.2 and Corollary 3.3 all are the existence of solutions for GEP (1) in a G-convex space.
4. Special cases of GEP
The following corollary is the existence of solutions for GVEP (2).
Corollary 4.1. Let X, Z be real topological vector spaces, D a compact topological vector space, F : X×X×D( Z and C : X ( Z
set-valued mappings with intC(x) ≠ ∅. Suppose that
(i) S : X ( X and T : X ( D are two nonempty convex set-valued mappings and have open lower sections
(ii) for each t ∈ D, F(x, y, t) is G-diagonally quasiconvex in y with respect to−intC
(iii) for any y ∈ X, the set {(x, t) ∈ X × D : F(x, y, t) ⊆ −intC(x)} is open
(iv) there is a nonempty compact subset A of X and N ∈ F (X),M ∈ F (D) such that for any x ∈ X \ A and t ∈ D,
(a) T (x) ∩M ≠ ∅;
(b) ∃z ∈ N such that z ∈ S(x) and F(x, z, t) ⊆ −intC(x).
Then there exists x¯ ∈ S(x¯) such that
∃t¯ ∈ T (x¯), F(x¯, y, t¯) ⊈ −intC(x¯), ∀y ∈ S(x¯).
Proof. For each A ∈ F (X) and B ∈ F (D), let Γ1(A) = co(A) and Γ2(B) = co(B). Then, (X,Γ1) and (D,Γ2) are G-convex
spaces. Let wξ : X → X be the identity mapping and T ′ = T . Due to Theorem 3.1, the conclusion of this corollary is
established. 
Remark 4.1. By Theorem 3.2 and Corollary 3.3, if assumption (iii) of Corollary 4.1 is replaced by the assumption
(iii′′) for any y ∈ X , the mapping (x, t) → F(x, y, t) is u.s.c.l with respect to −intC; or (iii′′′) for any y ∈ X , the mapping
(x, t) → F(x, y, t) is u.s.c with compact values.
Then Corollary 4.1 is still established. In addition, according to Remark 3.1, the assumption (iv) of Corollary 4.1 can be
replaced by (v′).
The following corollary is the existence of solutions for GVEP (3).
Corollary 4.2. Let X, Z be real topological vector spaces, D a compact topological vector space, F : X×X×D( Z and C : X ( Z
set-valued mappings with intC(x) ≠ ∅. Suppose that
(i) T : X ( D is a nonempty convex set-valued mapping and has open lower sections.
(ii) for each t ∈ D, the mapping F(x, y, t) is G-diagonally quasiconvex in y with respect to−intC.
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(iii) for any y ∈ X, the set {(x, t) ∈ X × D : F(x, y, t) ⊆ −intC(x)} is open.
(iv) there is a nonempty compact subset A of X and N ∈ F (X),M ∈ F (D) such that for any x ∈ X \ A and t ∈ D,
(a) T (x) ∩M ≠ ∅;
(b) ∃z ∈ N such that F(x, z, t) ⊆ −intC(x).
Then there exists x¯ ∈ X such that
∃t¯ ∈ T (x¯), F(x¯, y, t¯) ⊈ −intC(x¯), ∀y ∈ X .
Proof. Obviously, it is just needed to prove that condition (i) of Corollary 4.1 holds. Define S : X ( X by S(x) = X for all
x ∈ X . Then S−(y) = X for any y ∈ X . Thus the set-valued mapping S is nonempty G-convex and has open lower sections.
By assumption (i), condition (i) of Corollary 4.1 holds. Consequently, the corollary is true. 
The same as Remark 4.1, assumption (iii) of Corollary 4.2 can be replaced by condition (iii′′) or (iii′′′); assumption (iv) of
Corollary 4.2 can be replaced by condition (v′).
The following corollary is the existence of solutions for AGVEP (4).
Corollary 4.3. Let (X,Γ ) be a G-convex spaces, Y , Z two topological spaces, F : X × Y ( Z and C : X ( Z two set-valued
mappings with intC(x) ≠ ∅. Suppose that
(i) there is an injective mapping ξ : Y → X such that ξ(Y ) is a topological subspace of X.
(ii) F(x, y) is ξ -G-diagonally quasiconvex in y with respect to−intC.
(iii) for any y ∈ Y , the set {x ∈ X : F(x, y) ⊆ −intC(x)} is open.
(iv) there is a nonempty compact subset A of X and N ∈ F (X) such that, for any x ∈ X \ A, there exists z ∈ N satisfying
z ∈ ξ(Y ) and F(x, z) ⊆ −intC .
Then there exists x¯ ∈ X such that
F(x¯, y) ⊈ −intC, ∀y ∈ Y .
Proof. Let D be a singleton with a trivial topology. Since F (D) = {D}, then (D,Γ1) is a trivial G-convex space where
Γ1(D) = D. Define T : X ( D by T (x) = D for all x ∈ X . Then T is a nonempty G-convex set-valued mapping and has
open lower sections. Let T ′ = T , it is clear that condition (i) of Theorem 3.1 holds.
Define the set-valuedmapping S : X ( Y by S(x) = Y for all x ∈ X . Then, by assumption (i), condition (ii) of Theorem 3.1
holds.
Define the set-valued mapping F¯ : X × Y × D( Z by
F¯(x, y, t) = F(x, y), ∀(x, y, t) ∈ X × Y × D.
Then (ii) and (iii) imply, respectively, the mapping F¯ satisfying (iii) and (iv) of Theorem 3.1. From hypothesis (iv), we derive
that assumption (v) of Theorem 3.1 holds for F¯ . Indeed, letM = D, it is obvious that hypotheses (a) and (b) in Theorem 3.1
hold for F¯ . Consequently, we have that there exists x¯ ∈ ξ(Y ) ⊆ X such that
∃t¯ ∈ T (x¯), F¯(x¯, y, t¯) ⊈ −intC(x¯), ∀y ∈ Y .
That is, there exists x¯ ∈ X such that F(x¯, y) ⊈ −intC(x),∀y ∈ Y . 
Similarly, assumption (iii) of Corollary 4.3 can be replaced by the condition that the mapping x → F(x, y) is u.s.c.l with
respect to −intC or u.s.c with compact values for any y ∈ Y ; assumption (iv) of Corollary 4.3 can be replaced by condition
(v′).
The following corollary is the existence of solutions for a vector equilibrium problem in a G-convex space.
Corollary 4.4. Let (X,Γ ) be a G-convex space, Z a topological space, F : X × X ( Z and C ⊂ Z a set with intC ≠ ∅. Suppose
that
(i) F(x, y) is G-diagonally quasiconvex in y with respect to−intC.
(ii) for any y ∈ X, the mapping x → F(x, y) is u.s.c.
(iii) there is a nonempty compact subset A of X and N ∈ F (X) such that for any x ∈ X \ A, there exists z ∈ N satisfying
F(x, z) ⊆ −intC.
Then there exists x¯ ∈ X such that
F(x¯, y) ⊈ −intC, ∀y ∈ X .
Proof. Let Y = X and define C : X → Z by C(x) = C for all x ∈ X . Let ξ : X → X be the identity mapping. Then condition
(i) of Corollary 4.3 holds and assumption (iii) implies condition (iv) of Corollary 4.3. According to (II), assumption (i) implies
condition (ii) of Corollary 4.3. Due to Proposition 2.2, assumption (ii) implies that the mapping x → F(x, y) is u.s.c.l with
respect to−intC . According to the proof of Theorem 3.2, condition (iii) of Corollary 4.3 holds. Hence, there exists x¯ ∈ X such
that F(x¯, y) ⊈ −intC,∀y ∈ X . 
As with the previous remarks, hypothesis (iii) of Corollary 4.4 can be replaced by condition (v′).
3410 B. Cheng, S.-y. Liu / Computers and Mathematics with Applications 62 (2011) 3404–3410
References
[1] J.Y. Fu, A.H. Wan, Generalized vector equilibrium problems with set-valued mappings, Math. Methods Oper. Res. 56 (2002) 259–268.
[2] X.P. Ding, J.Y. Park, Generalized vector equilibrium problems in generalized convex space, J. Optim. Theory Appl. 120 (2004) 327–353.
[3] A.P. Farajzadeh, A.A. Harandi, On the generalized vector equilibrium problems, J. Math. Anal. Appl. 344 (2008) 999–1004.
[4] O. Chadli, H. Riahi, On generalized vector equilibrium problems, J. Global Optim. 16 (2000) 33–41.
[5] Y.C. Lin, On generalized vector equilibrium problems, Nonlinear Anal. 70 (2009) 1040–1048.
[6] M. Fakhar, J. Zafarani, Generalized vector equilibrium problems for pseudomonotone multivalued bifunctions, J. Optim. Theory Appl. 126 (2005)
109–124.
[7] Q.H. Ansari, J.C. Yao, An existence result for the generalized vector equilibrium problem, Appl. Math. Lett. 12 (1999) 53–56.
[8] N.X. Hai, P.Q. Khanh, Existence of solutions to general quasiequilibrium problems and applications, J. Optim. Theory Appl. 133 (2007) 317–327.
[9] Q.M. Liu, L.Y. Fan, G.H. Wang, Generalized vector quasi-equilibrium problems with set-valued mappings, Appl. Math. Lett. 21 (2008) 946–950.
[10] S.J. Li, P. Zhao, A method of duality for a mixed vector equilibrium problem, Optim. Lett. 4 (2010) 85–96.
[11] L.J. Lin, Q.H. Ansari, Y.J. Huang, Some existence results for solutions of generalized vector quasi-equilibrium problems, Math. Methods Oper. Res. 65
(2007) 85–98.
[12] S.Y. Cho, S.M. Kang, X.-L. Qin, Iterative methods for generalized equilibrium problems and nonexpansive mappings, Commun. Korean Math. Soc. 26
(2011) 51–65.
[13] Y.-q. Wang, L.-c. Zeng, Hybrid projection method for generalized mixed equilibrium problems, variational inequality problems, and fixed point
problems in Banach spaces, Appl. Math. Mech. (English Ed.) 32 (2) (2011) 251–264.
[14] Xiao Gang, Sanyang Liu, Existence of solutions for generalized vector quasi-variational-like inequalities without monotonicity, Comput. Math. Appl.
58 (2009) 1550–1557.
[15] M. Bianchi, N. Hadjisavvas, S. Schaible, Vector equilibrium problemwith generalizedmonotone bifunctions, J. Optim. Theory Appl. 82 (1997) 527–542.
[16] Q.H. Ansari, I.V. Konnov, J.C. Yao, Characterizations of solutions for vector equilibrium problems, J. Optim. Theory Appl. 113 (2002) 435–447.
[17] J.Y. Fu, Vector equilibrium problems existence theorems and convexity of solution set, J. Global Optim. 31 (2005) 109–119.
[18] Z.D. Mitrovic, On scalar equilibrium problem in generalized convex spaces, J. Math. Anal. Appl. 330 (2007) 451–461.
[19] S. Park, Fixed point theorems in locally G-convex spaces, Nonlinear Anal. 98 (2002) 869–879.
[20] S. Park, Comments on collectively fixed points in generalized convex spaces, Appl. Math. Lett. 18 (2005) 431–437.
[21] S.H. Hou, H. Yu, G.Y. Chen, On vector quasi-equilibrium problems with set-valued maps, J. Optim. Theory Appl. 119 (2003) 485–498.
